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We associate to a non-singular C’, r~ 2, action of [wp on a closed, orientable, connected 
m-manifold M a symmetric (q+ 1)-linear mapping 01~ of Iw” into Hf&‘(M), where q = m-P> 
called the characteristic mapping of E We compute (Ye for several types of actions. Our main 
result says that, for a certain family of 3-manifolds, the non-degeneracy of uF, for an action F 
of 5X2, implies the existence and stability of a compact orbit. 
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Introduction 
We consider non-singular actions of IF!” on a closed orientable connected m- 
manifold M. One such action F is said to be of class cr, ra2, if its infinitesimal 
generators are of class C’. To F, the first author associated a symmetric (q + 1)-linear 
mapping. 
LYF-: [wpx. ..xR”+Hz;‘(M) 
where q = m-p, called the characteristic mapping of F. For example: if m = 3 and 
p = 2, let X, , X, be the infinitesimal generators of F and 5,) & l-forms on M such 
that &(X,) = 6,, i, j = 1, 2. Then cu,(e,, e,) is the de Rham cohomology class of the 
form 6, A dt,;, where {e, , e,} is the standard basis of [w’. 
Here, we study actions through their characteristic mappings. It is well known 
that an action F of [wp on M, with underlying foliation 9 is the same as an ordered 
commuting frame X = {X,, _ . . , X,,} of 9. In Section 1 we show (see Proposition 
1.1) that it is also the same as an equivalence class of ordered $-closed coframes 
5={51r..., &,} of 9. Next, we derive the basic properties of (Ye and give some 
examples which illustrate that within the same foliation 9 there are actions with 
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different characteristic mappings. In Section 2 we show that (Ye works as an 
obstruction, namely: 
2.2. Theorem. If F is an action of TP on M, 1 sp < m, then ar vanishes. 
2.8. Theorem. If F is an action of TmP2 x R’ on M, then cyF is degenerate. 
Rosenberg, Roussarie and Weil proved in [7] that a closed orientable connected 
3-manifold M admits a non-singular C2-action of [w2 if and only if M is a torus 
bundle over S’. Therefore M is diffeomorphic to a manifold MA obtained from 
T2 x [0, l] by identifying (x, 1) with (A(x), 0), where A is a diffeomorphism of T2 
induced by a matrix A E SL(2; 2). Denote by M,, the manifold obtained by this 
process when A is the matrix given by a,, = a22 = 1, a,2 = n and azl = 0. Here we 
prove the following: 
3.1. Theorem. If F is an action of S’ x R on a 3-mantfold M, then 
(i) M is diffeomorphic to M,, for some n E 2; 
(ii) aF(el, e,) = n/k’, where k is the order of the isotropy group of the induced 
S’-action, anda,(e,e,)=O ifi*j#l. 
Hector in [4] proved part (i) of Theorem 3.1 in the more general context of 
foliations. Chatelet, Rosenberg and Weil [l] classified the underlying foliations of 
C2-actions of [w2 on M3. They proved, among other things, that if an action F has 
no compact orbit, then either all leaves of 9 are cylinders and M is diffeomorphic 
to some M,,, or all leaves of 9 are planes and M is diffeomorphic to M,= T3. This 
implies, in particular, that if M is not diffeomorphic to some M,,, then every action 
of [w2 on M has a compact orbit. Here we show that the characteristic mapping of 
an lQ2-action on a manifold M diffeomorphic to M,,, n # 0, detects the presence of 
compact orbits, precisely: 
4.2. Theorem. If F is an R2-action on M,,, n # 0, such that aF is non-degenerate, then 
(i) F has a compact orbit; 
(ii) Any R2-action G suficiently Cl-near to F has a compact orbit, too. 
It can be easily seen that the foliation 93 by the torus fibers of M,, + S’, n # 0, 
can be turned into a foliation by cylinders by arbitrarily small P-perturbations. 
However, if on 93 one considers an action B with LYE non-degenerate, as in example 
1.10, then the underlying foliation of any action sufficiently Cl-near to B will have, 
by (4.2, (ii)), a compact orbit. We do not know if (4.2) is true for n = 0. It depends 
on the answer to the following question: Does an action of IX2 on T3, by planes, 
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have a degenerate characteristic mapping ? We give a partial answer to this 
question: 
4.6. Theorem. Let F be an IX*-action on T’ by planes whose underlying foliation 9 is 
given by a closed l-form. Then ar vanishes. 
In the course of the paper, we raise some questions, aiming at a better understand- 
ing of the role of the characteristic mapping in the study of actions. There exist 
characteristic mappings for other Lie groups actions but we do not consider them 
here. 
1. The characteristic mapping 
Let M denote a closed orientable connected smooth m-manifold and F: Rp x M + 
M a smooth non singular action of R p on M. For each x E M the map F, : R p + M 
given by F,(v) = F( v, x) is the canonical parametrization of the orbit of F through 
x and the ordered set X = {X,, . . , X,} of tangent fields to M defined by: 
X,(X) = DF.y(0)(ej), 1 cjsp, (1.1) 
where {e, , . . . , e,} is the standard basis of lRp is called the frame of infinitesimal 
generators of F. F is said to be of class C’, r 3 2, if its infinitesimal generators are 
of class C’. The foliation 9 of M whose leaves are the orbits of F is called the 
underlying foliation of F. Any ordered set of l-forms 5 = {,$r, . . . , 5,) such that 
5,(X,) = 6,j is called a frame of infinitesimal cogenerators of F or a coframe adapted 
to F. 
Let 9 be a p-dimensional foliation of M. A C’ commuting frame of 9, r 3 2, is 
an ordered set X = {X, , . . . , X,,} of C’ vector fields tangent to 9 which are linearly 
independent at each point and such that [X,, X,] = 0 for all i, j = 1, . . , p. Let A(M) 
be the graded algebra of smooth forms on M and 
1(9)={w~A(M): w annihilates TP}. (1.2) 
Z( 9) is a differential ideal, i.e., dZ( 9) c Z( 9) and besides Z( 9)qt’ = 0 for q = m -p, 
i.e., if w,, . . , We+, E Z(9) then w, A. . . A wy+, = 0. An S-closed coframe of 9 is an 
ordered set 5 = (5,) . . . , &,} of l-forms that restricted to T9 define a frame of T*9 
and such that dtjE Z(9) for j= 1,. . . , p. In this situation TM = T90 ker 5, where 
ker ,_$ = nf=, ker 5,. Two S-closed coframes 5 and n of 9 are said to be equivalents 
if nJ-,$EZ(S) forj=l,..., p. The equivalence class of .$ will be denoted by ,$ 
and $ will also be called an S-closed coframe of 9. { is said to be C’, r 3 2, if 
there exists a C’ representative 7~ E $. 
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1.1. Proposition. Let 9 be a smooth p-dimensional foliation of M. For each r 2 2 the 
following data are equivalent: 
(9 a non-singular C’-action F of RP on M with underlying foliation 9; 
(ii) a C’ commuting frame X of 9; 
(iii) a C’ S-closed coframe 5 of 9; 
Proof. (i) and (ii) are known to be equivalent. Let X be a C’ commuting frame of 
9. Choose a C’-subbundle v of TM such that TM = TSO v and define l-forms [,, 
i=l,... ,P, by 6(X,)=& j=l,..., p and &(Y)=O. From d&(X,,X,)= 
xj~ii(xk)-xkSi(xj)-5i[x,, xkl=“, l c C j, k G p, we get d& E Z(9) and therefore 
5={51,..., 5,) is a C’ %-cl osed coframe of 9. It is clear that if V’ is another choice 
of normal bundle then [‘E $, thus X determines uniquely g Now, let g be a C’ 
%-closed coframe of 9 and 5 a C’ representative of < Since TSO ker ..$ = TM, the 
sections Xj of TS, j = 1, . . . , p, defined by &(X,) = S,j give a C’ frame of 9 and 
d& E Z( 9) implies &[X,, X,] = 0, i = 1, . . . , p, therefore [X,, X,] is a section of ker 5, 
1 s j, k G p. On the other hand, since the X, are tangent to 5 [X,, X,] is a section 
of TS. We conclude that [X,, X,] = 0 and thus X = {X,, . . . , X,,} is a C’ commuting 
frame of 9. 0 
Let F be a C’ action of [wp on M and 9 its underlying foliation. Since only 
non-singular actions are being considered, the word ‘non-singular’ will often be 
omitted. In Proposition 1.1 we saw that every smooth coframe .$ adapted to F is 
an $-closed coframe of 9. It is regarding to actions as forms that allows one to 
associate to an action F a multilinear map with values in the De Rham cohomology 
of M. Take a coframe 5 = (5,). . . , [,} adapted to F and consider the map from Iw” 
toA’(M)givenbyu=(v’,...,vP)-,v~~=v’~,+~~~+vP~,.FromProposition1.1 
we know that d(v*c)EZ(%) for every ZIE[W~, so, if ni=vi.[ with vi~IWP, i= 
1 ,..., q + 1, from (1.2) we get dni A . . . A dnq+, = 0 and therefore r], A dn2 A . . . A 
d7 q+, is a closed (2q + 1)-form. We define a (q + I)-linear mapping 
(YjY: [wpx. ..xw”+H$$‘(M) 
by 
aAv1,. . . ,v~+~)=[771~drl2~...~d?l~+,l (1.3) 
where ni = vi. 5. The mapping (Ye is well defined. In fact, let 5” = {ty,. . . , (“,} and 
5’ = cs:. . . . , &i} be two coframes adapted to F, then clearly wj = [f - 6,“~ Z(9). 
Consider the l-forms on M x [0, l] given by 5, = v*,$+ tn-*wj, j = 1,. . . , p, where 
r is the projection on M. It is easy to check that it&, = $, t = 0, 1 where i,(x) = (x, t) 
and that d&, A . * - A d&i4+1 =0 for any combinations of indices, i.e., the forms &, A d[i, A 
. . . A d5iqtl are closed. Thus, by classical theorems of Stokes and De Rham, the 
forms .$y, A d& A * . . A deyq+, and &:, A d[,‘, A . . . A dt!‘,+, are cohomologous. We call 
ayF the characteristic mapping of F. Observe that LYE is symmetric and that (Ye = 0 
for m>2p-1. 
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1.2. Examples. Let F be an action of lf%r on TP, X = {X,, . . . , X,} the commuting 
frame of infinitesimal generators and 5 = (5,) . . . , .$} the closed coframe adapted to 
F. Then aF:RP+H~eR(TP)=RP is given by ar(e,)=[[,]. Let Fbe an action of R2 
on M’ and [ = (5,) &} a coframe adapted to F. Then aF : R2 x R* -, H&(M) = K! is 
givenbya,(e,,e,)=~,&r\d,$,,i,j=l,2. 
The real linear group GL(p, R) acts naturally on the left on A’@“, M), the set 
of non-singular C’-actions of Rp on M, by (C, F) + Fe where Fc(v, x) = F( C( u), x). 
Let H be a subgroup of GL(p, R). Two elements F, GE Ar(Rp), M) are called 
H-equivalents if G = Fc for some C E H. 
1.3. Proposition. Zf G = F,- then 
%(V,,... , vq+,) = aF(‘c-‘v,, . . ) ‘C’vq+,). 
Proof. Let X and Y be the canonical frames of F and G, 5 and n coframes adapted 
to F and G, respectively, such that ker ,$ = ker 7~. Since G, = F, 0 C, from (1.1) it 
follows that Y(x) = = C, CjiXI(x), or, looking at frames and coframes as column 
vectors Y=‘CX and so n=C-‘5. Now, (~~(v,,...,v~+,)=y,~dy~~...~dy~+, 
where y,=v;~,butv;~=~;C~‘~=‘C~‘v; 5 and the proposition is proved. 0 
1.4. Example. If F, G E A’(@, M’) and G = Fc- with C E GL(2; R), then the matrices 
czF and LYE of their characteristic mappings with respect to the canonical basis of 
R2, are related according to Proposition 1.3 by (Ye = C’ 0 czF 0 ‘C’. Since charac- 
teristic mappings are symmetric, in each CL(2; R)-equivalence class of actions there 
exists a representative whose characteristic matrix is of the form 
with d, E (0, 1, -l}. 
We call an element FE A’@‘, M3)j a I t ‘f cyF = 0, parabolic if (Ye # 0 but det czF = 0, 
elliptic if det CY~ > 0 and hyperbolic if det CY~ Q 0. 
1.5. Examples. It was proved in [7] that a closed orientable connected 3-manifold 
M admits a C2 non-singular action of R2 if and only if M is a torus bundle over 
the circle; therefore, up to diffeomorphism, M is obtained from T’x [0, l] by 
identifying (x, 1) with (A(x), 0) where A is a diffeomorphism of T” induced by an 
element A E SL(2; 2). We denote by M,, the manifold thus obtained and just M,, if 
A=&= ’ n 
[ 1 0 1’ 
in particular M,= T’. Now, we give examples of actions on MA and compute their 
characteristic mappings. Let B : [0, l] + GL(2; R) be a P-path such that B(0) = Z, 
B(1) = A E SL(2; 2) and dkBP’(0)/dtk = A dkBP’( l)/dt’ for k 2 0. In these examples 
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we will use matrix notation, frames and coframes will be taken as column vectors. 
Let alax = {a/ax,, a/ax,} and dx = {dx,, dx,} denote the canonical frame and 
coframe of T2, respectively. On T2 x [0, l] consider the 2-frame X = {X, , X2} given 
by X = B-‘(t) a/ax. It is easy to see that [Xi, X,] = 0 and that X induces a commuting 
frame, denoted also by the same letter, in MA. Let B denote the action of R2 on 
MA given by X and note that the leaves of the underlying foliation 33 are T2 x {t}, 
t E [0, 11. To compute (Ye we will use the canonical coframe {dx,, dx,, dt} of 
T2x [0, 11. The 2-coframe t= {t,, &} given by 5 = ‘B(t) dx is adapted to B and 
therefore the characteristic matrix is 
CY i3= 5 A ‘d.$. 
T*x[O,l] 
If J is the matrix given by J,, = Jz2 = 0, Ji2 = -1, J2, = 1, then 5 A ‘d& = -‘B dx A ‘dx A 
dB = ‘BJ dB A dx, A dx, = det(B)JB-’ dB A dx, A dx, and thus 
1 
I 
aB = 4~r’J det( B) B-’ dB. (1.4) 
0 
The following list of R2-actions of T3 have the same compact underlying foliation 
but different types of characteristic mappings: 
1.6. Let B(f) = I for t E [0, 11. Then (Ye = 0. 
1.7. Let 
B(t)=[xbf) $] with x(t) and y(t) periodic, 




-sin 2m t 
Then det CY~ = 64rr6 and the 
1.9. Let 
B(t) = [ “6” 1 b;t); with a and b periodic, 
sin 2rrt 
3 cos2lTt . 
action is elliptic. 
of period 1, and I,!, ab’ dt f 0. Then det (Ye < 0 and the action is hyperbolic. 
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The next example is on M,, and is an elliptic one: 
1.10. Take 
B(t)= 
cos 2rt t sin 27r t 1 tn 
-5in27rt cos27rt I[ 0 1 1 ’ 
Then det CY~ > 0. 
To be able to talk about perturbations of actions, we have to introduce some 
topology on A’(LQP, M). Consider the vector spaces 37 of C” vector fields and 
AZ(M) of C” q-forms. They are Banach spaces with the C” norms. Two elements 
F, G E A’@ “, M) are said to be C” close if their infinitesimal generators Xj and 
y,, j=l,..., p, are C’ close. A6(Rp, M) will denote the topological space of 
non-singular RP-actions on M with the C’ proximity just defined. 
1.11. Proposition. 7’he characteristic mapping F + a,= is continuous on At(IWP, M), 
l<s<r, rS2. 
Proof. Assume G is C”-near to F and 5 is a coframe adapted to F. If n is the 
adapted coframe to G with ker 17 = ker 5 then rli is C”-near to 5, i = 1,. _ . , p, and 
the forms vi, A dvi2 A . . . A dqi,,+l and 4, A d& A * . . A d&+, are C”-‘-near, therefore 
(Ye is near to (Ye. 0 
1.12. Corollary. The sets of elliptic and hyperbolic actions are open in A:(@, M), 
lS.sSr, rS2. 
1.13. Question. Are the non-degenerate actions a dense subset of Ai(aB’, M’)? 
2. The characteristic mapping as an obstruction 
Let F be an action of T’xR on M, r+s=p, s>O and exp:lQP+ T’xR” given 
by exp(u, v) = (eZTii”‘, . . . , e2niu’, v’, . . . , v”). The action of Rp on M given by 
F(exp(u, v), x) is called the canonical lifting of F. The characteristic mapping czF 
will be that of its canonical lifting. Denote by F’ and F’ the actions of T’ and R” 
obtained as restrictions of F and by {X,, . . . , X,} and {X,,, , . . . , X,,,} their 
infinitesimal generators, respectively. 
2.1. There exists a Riemannian metric, ( , ) on M such that: 
(i) ( , ) is invariant under F’, 
(ii) X+, , . . . , X,,, are sections of the normal bundle v to TW. 
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In fact, choose a Riemannian metric ( , ). on M which turns 
IX,,..., Xr,Xr+l,..., X,+,} into an orthonormal p-frame and define ( , )= 
j,, FL*{ , ). dp, where d p is the Haar measure on T’ and for each g E T’, FL is 
the diffeomorphism on M given by FL(x) = F’(g, x). 
2.2. Theorem. Let F be a C’, r 2 2, nonsingular action of TP on a closed orientable 
connected m-manifold M, with 1 c p ( m. Then LYE = 0. 
Proof. Let X = {X, , . . . , X,,} be the canonical commuting p-frame of F and ( , ) 
a Riemannian metric invariant by F, as in 2.1. Since the one-parameter group 
generated by X, acts on M as isometries, it leaves invariant the normal bundle v 
to TS. Thus, for any section Y of V, [Xi, Y] is also a section of V, i = 1,. . . , p. Now, 
let 5 be the coframe of 9 adapted to F such that ker 5 = V, and I(d[) the ideal of 
A(M) generated by d&, i = 1, . . . , p. Since d&,(X,, Xk) = - &[X,, X,] = 0 and 
d&(X,, Y) = -&[X,, Y] = 0, it follows that I(dt) [q’21+1 = 0 and therefore all charac- 
teristics forms & A d&* A * . * A d[iq+, vanish. 0 
2.3. Remark. In the proof of Theorem 2.2 we saw that 1(d[)‘q’21t’ = 0, so it is 
possible to define a (q+I)-linear mapping, 4=[q/2], pF:K!Px~~*x~p+ 
H%‘(M), by PF(~, , . . . , ~q+d = [VI A drl, A. * . A dvq+,] where ni = vi. 6. PF is a 
secondary characteristic mapping and should bring some information about torus 
actions. 
An action of [wp on M whose underlying foliation is also the underlying foliation 
of a TP-action may have non-vanishing characteristic mapping (see Example 1.5). 
Now we are going to prove that actions of T’ x R” present a certain degeneracy in 
their characteristic mappings. 
2.4. Lemma. Let F be a non-singular action of T’ x W on M”, with m = r + s + 1 and 
0~ s s m -2, and F’ the restriction of F to T’. Then: 
(i) The holonomy of 9’ is trivial; 
(ii) The isotropy subgvoups T’(y) are the same for all y E M. 
Proof. Let sr be the underlying foliation of F’. It is shown in [3] that the holonomy 
of any leaf L of sr is given by a finite group isomorphic to a finite subgroup of 
SO(s+ 1). Let {X,, . . . , X,, X,,, , . . . , X,+,} be the canonical frame of F. The gen- 
erators of rl( L; y), y E L, are the orbits O,(y) of Xi, i = 1,. . . , v. We will show that 
the holonomy map associated to each O,(y) is the identity map. By the Frobenius 
theorem, there exists a neighbourhood V of y and a diffeomorphism 4 : V+ [0, 11" 
such that 4,X, = a/axj, 1 ~j G m - 1, with 4(y) = OE aB”‘. Let C be the inverse image 
by 4 of the set {x E [0, llm: xj = 0,l .-J < ‘=z v}. Then C is a normal section to L through 
y and tangent to X,, for all k, v+ 1 ~k~v+s.Let$,betheflowofsomeXi,l<i~r 
and 5 the period of O,(y). It is clear that the holonomy map h : C + C associated 
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to O,(y) can be expressed by y 0 $<, where y maps +<(C) onto C along the flow 
$,. Since Xi commutes with X,+j, 1 -. J < ‘S s, h restricted to D = {z E C; tim(z) = 0) is 
the identity map, but D has codimension 1 in C and h is conjugate to an element 
of SO(s + l), therefore h is the identity. Now, by a well-known theorem on isotropy 
groups in [6] there is a neighbourhood W of y such that for all z in W T’(z) is a 
subgroup of T’(y). By standard connectedness arguments, the set of points z in M 
for which T’(z) = T’(y) is M. 0 
2.5. Corollary. If a closed orientable connected m-mantfold M admits a non-singular 
action of TmP’, then M is homeomorphic to T”. 
Proof. Let F be such an action. By Lemma 2.4 the isotropy subgroup is constant, 
so F is GL(m - 1, R)-equivalent to a free action of T”-*, i.e., M is a principal T”-’ 
bundle over S’ and therefore M is homeomorphic to T”. 0 
Let F:IWPx M+ M and G:R”x N+ N be actions, P:RP=lQr~Rs+iRs the pro- 
jection and r: M + N a submersion. 
2.6. Definition. F and G are said to be n-related if dim M-p = q = dim N-s and 
G(u, n(x)) = ~0 F((u, v), x) for any u E R’, VER* and XEM. In case 7r=4 is a 
diffeomorphism and r = 0, F and G are said to be &conjugate. 
Assume F and G are v-related and let X and Y be their canonical commuting 
frames. From m 0 F, = CT(x) oPforxEMand(l.l)weobtain7r,X,=O,i=l,...,r 
and VT.+X,+~ = Yj, j = 1, . . . , s. It is easy to check that (Ye and LYE are related by 
LyF((O, VI), . . . > (0, vq+,)) = n* o %Av,, . . ., vq+lL (2.1) 
where V* is the induced map in cohomology. In case F and G are &conjugate 
Ly -4*o(Yc. F- 
2.7. Example. Let F and F’ be as in Lemma 2.4. Since the holonomy of 9’ is 
trivial, the space N of F’-orbits is an (st 1)-manifold and the quotient map 
rr : M + N is a submersion. The action F and the action G : UT” x N + N given by 
G( v, rr(x)) = rr 0 F((0, v), x) are rr-related. 
2.8. Theorem. Let F be a Cr, r 2 2, non-singular action of T”-’ XR on a closed 
orientable connected m-manifold M. Then, the characteristic mapping or is degenerate. 
Proof. Let FmP2 be the restriction of F to T”-‘. By (Lemma 2.4(i)) .9mp2 has trivial 
holonomy and so the space N of Frnm2- orbits is an orientable 2-manifold. Let 
rr : M + N be the quotient map and G the action of R on N as in Example 2.7. It 
is clear that N = T’ and V: M + T* is a fibration with typical fiber T”-*. Let 
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XF={Xlr.. . , X,,--2, X,,_,} be the canonical commuting frame of 9 defined by F 
and Y, the infinitesimal generator of G. Choose a Biemannian metric on M which 
turns X, into an orthonormal (m - 1)-frame and define ( , ) as in 2.1. This choice 
assures us that X,,,_, is a section of V, where v is the subbundle of TM orthogonal 
to TSmp2 under ( , ) (see 2.l(ii)). Take a section X, of v such that {Xm_i, X,,,} is 
aframeof ~andlet[={[,,..., &,_i} be the coframe of 9 adapted to F such that 
&(X,) = 0, i = 1,. . . , m - 1. Since v is F”-* -invariant, [Xi, X,] is a section of v for 
all i=l,..., m-2andm-l~j~m,andso~,,_,~d&=Ofori=l,...,m-2.This 
implies cyF(e,_, , ei) = 0, i = 1,. . . , m -2. Furthermore, since F is n-related to G, 
from Example 2.7 we obtain aF(e,_, , e,_,) = 0. 0 
2.9. Remark. The second author observed that associated to a non-singular action 
of Rp on M there exist operators tii( F) : H2’(M; .%) + Hz+,‘(M), 1 s i s p, defined 
by a,( F)[h] = [A A &] where [ is a p-coframe adapted to E The cohomology groups 
H2q(M; 9) are those considered in [2]. The image of these operators contains the 
image of the characteristic mapping czF. It may happen that (Ye = 0 but the operators 
do not vanish. For example, if F is an action of T* on T3 and {[,, &, S,} is a 
coframe of T3 such that {[i, &} is adapted to F, then (Y,( F)[ t2 A &] = [ 5, A t2 A &] # 0. 
3. Actions of the cylinder 
In this section we compute the characteristic mapping of an action of S’ x R on 
a 3-manifold M. Let F be such an action and F’ the restriction of F to S’. By 
Lemma 2.4(ii) the isotropy sub-group S’(x) of x with respect to F’ is constant, say 
of order k. If {X,, X2} is the frame of infinitesimal generators of F, then {Xi = 
(l/ k)X,, X2} is the frame of infinitesimal generators of a new S’ x R-action G, with 
the same underlying foliation as F, such that G’ is a free S’-action on M. Hence 
M is a principal S’-bundle over T’. Consider a normal bundle v to T9’ which is 
invariant under G’ and which admits X2 as a section. Any tangent field Y, to T2 
can be lifted to an G’-invariant section Y of V, i.e., a section Y of v such that 
[Xi, Y] = 0. Thus, for every choice of Y, we obtain an S’ x R-action on M whose 
frame of infinitesimal generators is {X:, Y}. In particular, if we choose an Y, which 
defines an irrational flow on T2 the corresponding S’ x R-action will have all orbits 
dense in M. Then by [l, Section 21 M is diffeomorphic to M, for some n E 2. We 
know from Theorem 2.8 that a,(ei, ej) = 0 when is j # 1, so to know (Ye it remains 
to compute +(ei, 4 = j, 5, A d&, where 5, is the l-form that vanishes on v such 
that ti(X,) = 1. The l-form 5: = k.$ is a connection form of the principal S’-bundle 
M thus L,;& = 0 and this implies that d&i is a basic form. Integration along the 
fibers and Fubini’s theorem give 
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and j-r~ d&‘, is the Euler number of the S’-bundle A4 which is n. We have proved: 
3.1. Theorem. Let F be a Cr, r 2 2, non-singular action of S’ x R on a closed orientable 
connected 3-manifold M. Then 
(i) M is d@eomorphic to M,, for some n E Z. 
(ii) aF(eI, e,) = n/ k2 and a,(ei, e,) = 0 if i * j # 1. 
3.2. Examples. Let {a/ax,, a/ax,} be the canonical frame of T2 and $ a C”- 
diffeomorphism of T2 isotopic to the one induced by the matrix A,, of Example 1.5 
and such that $,,a/ax, = a/ax,. It is easy to see that the lifting of $ to R2, denoted 
by the same letter, is given by 
+(x1, x2)=(x1 + nx2+P1(x2), x2+P2(x2)) 
where p, and /I2 are periodic functions of period 1. On T2 x [0, l] consider the 
frame {a/ax,, d/at, E}, where 
E(xl,x2, t)=h(r)(n+P:(x2))0 cC,-‘ala~,+(I+A(t)p~(x~))o *-‘al% 
with A:[O, l]+[O, l]C” and such that h(O)=1 and A(l)=O. We have 
Hence {a/ax,, d/at, E} induces a frame on the manifold Me obtained from 
T2x[0, l] by identifying (x,, x2, 1) with ($( x,, x2), 0). Since [a/ax,, a/at] = 0 the 
2-frame {a/ax,, a/at} defines an action Fq, of S’ x R on M$. The underlying foliation 
Fti depends on the choice of the diffeomorphism $2 of S’ given by +2(x2)= 
x2 + p2(x2). It is clear that we may choose $2 in such a way that sti, will be a foliation 
by tori or by cylinders or with a finite number of compact orbits. In any case 
aF(el, e,) will be equal to n. 
4. Actions of R2 on M, 
We say in section two that if F is a non-singular action of T2 on a 3-manifold 
M, then (Ye = 0 and M is diffeomorphic to T3. Furthermore, there exists a coframe 
{el, t2} of 9 adapted to F such that de, = dt2 = 0. The secondary characteristic 
mapping PF:[W2+HA,iw(T3) ’ g’ is tven by PF(ei) = [&I, i = 1, 2. It is not difficult to 
prove the following proposition. 
4.1. Proposition. Let F and G be actions of T2 on T3 such that OF = PG. There is a 
dlxeomorphism 4 of T3 such that F and G are &conjugate. 
In Section 3 we say that if F is a non-singular action of S’ x R on a 3-manifold 
M, then M is diffeomorphic to M,,, for some n E Z, and there exists a coframe 
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{[i, &} adapted to F such that [e, A d&,] = n/ k2, where k is the order of the isotropy 
subgroup of the induced S’-action, and t2 A d[, = 0, i = 1, 2. It is not clear to us if 
there is some kind of secondary object that could help in classifying S’ x R-actions. 
Next, we will relate the non-degeneracy of the characteristic mappings of R*- 
actions with the presence and stability of compact orbits. 
4.2. Theorem. Let F be a non-singular C’, r 2 2, action of R* on M,,, n # 0, such that 
or is non-degenerate. Then 
(9 
(ii) 
F has a compact orbit; 
There exists a neighborhood V of F in Ai(R*, M,,), 1s s s r, such that every G 
in V has a compact orbit. 
Proof. Assume F has no compact orbit. Then by Theorem 2 in [I], each orbit is a 
dense cylinder. Fix an orbit L and a point x E L. There exist C, , C, E R such that 
the (C,X, + C2X2)-orbit of x will be closed with minimal period 1, and so will the 
orbit of any point of L, and since L is dense, so will the orbit of every point of M. 
Therefore C,X, + C2X2 defines a free action of S’ and clearly F is GL(2, R)- 
equivalent to an action G of S’ x R. Now, by Theorem 2.8 (Ye is degenerated and 
so is (Ye by Example 1.4. Therefore F has a compact orbit. Part (ii) is a consequence 
of Proposition 1.11 and of part (i). 0 
4.3. Remark. We know that there are non-degenerate R*-actions on M,, (see 1.10) 
and in fact, by Proposition 1.11 they form an open set. There are also actions without 
compact orbit (see Theorem 3.1). We do not know if Theorem 4.2 is valid for n = 0. 
It depends on the answer to the following question: 
4.4. Question. Let F be a non-singular action of R* on T3 with all its orbits planes. 
Is aF degenerate? 
We give below a partial answer to this question. Let 9 be a foliation of T3 
transversal to a/ ax,. It is clear that 9 determines a unique form w = 
a dx, + b dx, + dx, whose kernel is exactly T9, and that {dx, , dx, , w} is a coframe 
of T3. 
4.5. Lemma. Let 9 be a smooth foliation of T3 transversal to a/ax,. 
(i) Then there exists a canonical commuting 2-frame {E,, E2} of .% 
(ii) letp=fdx,+gdx2+hw beany l-form. Then,dpEI(9) tfandonlyifE,f= 
E, g. 
Furthermore, in this case 
Proof. The vector 
of ker w, and [E, , 
give part (ii). 0 
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fields E, = a/ax, - a a/ax, and E2 = a/ax, - b a/ax, are sections 
I&] = 0 follows from the integrability of w. Direct computations 
4.6. Theorem. Let F be a non-singular C’-action, r z 2, of R2 on T3 whose underlying 
foliation 9 is given by a closed 1 -form. If F has no compact orbit, then CY~ = 0. 
Proof. Let w be a closed l-form which defines 9 and 0 the harmonic representative 
of its cohomology class. By the theorem of isotopies of closed l-forms in [5] there 
exists a diffeomorphism 4 of T3, isotopic to the identity such that w = +*0. Consider 
the action F” defined by F’(v, 4(x)) = 4 0 F(v, x). We know from (2.1) that (Ye = 
4” 0 CY+J = (Y,S and that 8 defines 3 &-o; thus, we can assume that 9 is a linear foliation 
given by w =_a dx,+_b dx,+dx,, with a, _b EIW and at least one of them, say a, 
irrational. By Example 1.4 we can also assume that CY~ is in diagonal form. After 
this consideration, proving that (Ye = 0 reduces to showing that jT3 .$ A d[, = 0, i = 1, 
2 for a coframe (5, , &} adapted to F. In fact, we will show more, namely: if 
p = f dx, + g dx,+ hw is such that dp E I( 9), then ST’ p A dp = 0. We will denote 
the liftings of objects from T3 to R3 with the same letters. By Lemma 4.5 the pair 
(f; g) of periodic functions satisfies the differential equation 
E2f=E,g or (4.1) 
Let 
f= ;h e2=i(k.x) and g = 1 g, e2ni(k..r) 
k 
with k = (k, , k2, k3) E Z3 and x = (x, , x2, x3) E IX3 be the Fourier series off and g, 
respectively. Equation (4.1) is equivalent to the following collection of relations: 
(k2-_bk3)fk=(k,-ak,)g,, kEz3 (4.1’) 
Since _a is irrational, k, # 0 implies that k, - ak, f 0 and thus we get 
gk = s(k>h 
where q(k) = ( k2 - _bk,)/( k, - ak,) for every k with k, # 0. Now 
af gc-fz= 2ri 2 (k, -j,)fkg, e2nil(i+k).xl 
3 3 J>k 
and since {e2Hi’k~X’)} is an orthonormal system, we obtain 
i,,.,, (g&fz) dx, dx, dx, 
=4Ti kFz5 ksfkg-k =hi kg3 k&h&k -f_kgk) 
+ 
54 J.L. Arraut, N.M. DOS Santos / Actions of Iw” 
where Z: = {k E Z3: k, 2 0). Finally, for k3 # 0 from (4.2) we get 
fkg-, -.Lgk = q(-k)fk.L - q(k)_Lfk = 0. 
Therefore IT3 p A dp = 0 and in particular (Ye = 0. 
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